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selection for each rank®.

Table 1 summarizes the results of Monte Carlo simulation with the sample size
t is 50. The values in the columns are the average posterior probabilities of 1,000
iterations for each true rank. For each iteration, the Griddy-Gibbs sampling is
performed with 5,000 draws and the first 1,000 discarded. The column labelled as
Pr(rlY) with A =1 shows the average posterior probabilities when A = 1. As
shown in the table, the highest average posterior probability for each rank indicates
the correct rank. With the sample size is 50, the overall performances are slightly

improved when A =0.01, larger prior variance.

Table 1: Monte Carlo Results: The Average Posterior Probabilities with T =50

Pr(r1Y) Pr@lY) Johansen’s

DGP rank r with A=1 with A =0.01 trace test
0 0.755 0.814 0.843
True rank 1 0.093 0.113 0.128
—0 2 0.068 0.050 0.029
3 0.051 0.017 0.000
4 0.033 0.001 0.000
0 0.034 0.050 0.391
True rank 1 0.669 0.715 0.493
—1 2 0.160 0.131 0.094
3 0.117 0.065 0.012
4 0.020 0.039 0.011
0 0.000 0.000 0.000
True rank 1 0.000 0.000 0.235
r— 2 2 0.818 0.852 0.655
3 0.120 0.092 0.049
4 0.061 0.057 0.061
0 0.000 0.000 0.000
True rank 1 0.000 0.000 0.123
—3 2 0.059 0.067 0.558
3 0.661 0.698 0.170
4 0.280 0.236 0.149
0 0.000 0.000 0.001
True rank 1 0.000 0.000 0.039
r—a 2 0.003 0.001 0.271
3 0.037 0.060 0.123
4 0.959 0.939 0.566

The last column shows the results by Johansen’s trace test. The results show that
the test apparently suffers from the shortage of samples especially for higher ranks.
To improve the finite sample properties for the likelihood ratio test, Johansen (2000)
proposed using Bartlett correction for a VAR with small sample.

Increasing the sample size to 100 improves the performances of all tests as
shown in Table 2. All highest average posterior probabilities indicate the true rank.
Larger the prior variance on @ (less value in A), it tends to choose a lower rank.
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Table 2: Monte Carlo Results: The Average Posterior Probabilities with 7" =100

PrY) Pr@lY) Johansen’s

DGP rank r with A=1 with A =0.01 trace test
0 0.922 0.931 0.891
True rank 1 0.060 0.061 0.089
r—0 2 0.014 0.007 0.018
3 0.003 0.00 0.002
4 0.000 0.000 0.000
0 0.000 0.000 0.110
True rank 1 0.886 0.914 0.803
—1 2 0.106 0.080 0.087
3 0.005 0.005 0.000
4 0.002 0.000 0.000
0 0.000 0.000 0.000
True rank 1 0.000 0.000 0.041
=9 2 0.961 0.927 0.949
3 0.038 0.072 0.033
4 0.001 0.002 0.017
0 0.000 0.000 0.000
True rank 1 0.000 0.000 0.000
r—13 2 0.019 0.012 0.216
3 0.965 0.946 0.605
4 0.016 0.042 0.179
0 0.000 0.000 0.000
True rank 1 0.000 0.000 0.000
—4 2 0.000 0.000 0.001
3 0.022 0.034 0.011
4 0.978 0.966 0.988

o Illustrative Example: The Demand for Money in the US

In this section, we illustrate an example of cointegration analysis using the method
that is presented in previous sections. The focus is to show the usefulness of our
method with a relatively small sample size and to compare two methods of computing
Bayes factors and Johansen’s likelihood ratio test. The example is cointegration test
for the demand for money in the United States.

There are many papers on the estimation of the money demand function, see
Goldfeld and Sichel (1990). A typical money demand equation is

m.—p.= u+7,y.+ 7R+ e, (24)
where m, is the log of money, p. is the log of price level, y, is log of income, R, is
the nominal interest rate.

The data used for our analysis is based on the annual data provided by Lucas
(1988). The money stock (m,) is measured by M1. The income (y.) is the net
national product. The interest rate (R, is the annual rate of the six-month commercial
paper. We use a part of the range of the original data-from 1933 to 1989. With 60
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observations, we test cointegration among three variables -(m—p), y, and R.
Before analyzing the application, we briefiy explain Bayesian hypothesis testing for
the number of lags in VAR. Since we do not know the actual lag length for the
VAR and choice of the appropriate lag length affects the cointegration analysis, we
apply our method that explained in Section 3 to select the lag length. Let’s consider
a VAR model, Y=XB+E, where B=(u'®",®’---®’,), and X consists of vectors of
lagged Y and 1s in the first column. With conjugate and/or diffuse priors, we have
the posteriors which are similar to our posteriors that are given in Section 3. Then
compute the Bayes factor for each ®,= 0 to select the appropriate lag length. Note
that for this test we do not assign the correction factor C in Bayes factor.

The Bayes factor selects the appropriate lag length in the VAR is 1 dominantly,
though the AIC indicates 2 lags in the VAR. We model a VAR(1) with a constant
term for our cointegration analysis.

The prior specifications are the same as in the previous Monte Carlo experiments.
We assign equal prior probability to each rank. Table 3 illustrates the posterior
probabilities with A =1 and 0.01 and p-values of Johansen’s trace test. For A =1 we
see that the posterior probabilities indicate that there is one cointegration relation
with 98.5 per cent. For A =0.01 our method supports one cointegration relation more
strongly with 99.4 per cent. Thus, both results by different prior specification select
one cointegration relation, although Johansen’s test results in no cointegration.

Table 3: Selection of the Cointegration Rank

rank PrxlVVw/A=1 | PrxlY)w/A=0.01 | Johansen’s p-value
r=0 0.0000 0.0042 0.1045
r=1 0.9850 0.9940 0.2234
r=2 0.0150 0.0019 0.3190
=3 0.0000 0.0000 —

The posterior means of the cointegration relation among the variables Y.= (m.—
Dy ¥, R) is B=(1 —0.876 0.109). Note that the first element of B is restricted
to be 1 for identification.

6 Conclusion

This paper shows simple methods of Bayesian cointegration analysis. The Bayes factors
are used for computing the posterior probabilities for each rank. Monte Carlo
experiments show that the methods proposed in this paper provide fairly good results.
The Bayes factors are also applied to select the appropriate lag length in a VAR
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either independently or jointly with a different number of rank.

One of the disadvantages of the method is that the testing procedure depends
upon the chosen ordering of the variables in VAR. Our Monte Carlo simulations
which allow the ordering to change randomly in each iterations show that the
method can select the correct rank.

Another disadvantage of the method is computing time. Computing time depends
upon the algorithm we choose for estimating the cointegrating vectors. In this paper
the Griddy-Gibbs sampler, which requires heavy computations, is chosen simply because
we do not need to assign an approximation function that is needed in Metropolis-
Hastings or importance sampling. However, it will not be a problem in the future
with much faster computers.

In this paper, a matrix-variate normal density for the cointegrating vector is
chosen as a prior. Instead, Jeffrey’s or reference priors are also worth considering

as Kleibergen and Paap used for their cointegration analysis.
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